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The lattice thermal conductivities of silicon clathrate frameworks II and VIII are investigated by
using ab initio lattice dynamics and iterative solution of the linearized Boltzmann transport equation
(BTE) for phonons. Within the temperature range 100-350 K, the clathrate structures II and VIII
were found to have lower lattice thermal conductivity values than silicon diamond structure (d -Si)
by factors of 1/2 and 1/3, respectively. The main reason for the lower lattice thermal conductivity
of the clathrate structure II in comparison to d -Si was found to be the harmonic phonon spectra,
while in the case of the clathrate structure VIII, the difference is mainly due to the harmonic phonon
spectra and partly due to shorter relaxation times of phonons. In the studied clathrate frameworks,
the anharmonic effects have larger impact on the lattice thermal conductivity than the size of the
unit cell. For the structure II, the predicted lattice thermal conductivity differs approximately by
factor of 20 from the previous experimental results obtained for a polycrystalline sample at room
temperature.
I. INTRODUCTION
Thermoelectric materials may be used to convert waste
heat to electricity and may also be used to improve the
energy efficiency of various electronic devices. It is usu-
ally considered that crystalline materials with rather high
thermoelectric efficiency have rather low lattice thermal
conductivities.1–3 This has also motivated much of the
present research efforts on lattice thermal conductivity,
since in order calculate estimates for the thermoelectric
efficiency it is usually necessary to calculate the values of
lattice thermal conductivity and these numerical results
may yield useful information on the mechanisms of lattice
thermal conductivity. The calculation of lattice thermal
conductivity can be rather challenging task when ab ini-
tio methods are used, due to the high computational cost
of calculating third order (or higher) interatomic forces,
for example.
There are a variety of computational approaches for
predicting lattice thermal conductivity, for instance, sin-
gle mode relaxation time approximations (SMRTs) with
Boltzmann transport equation (BTE)4,5 and iterative so-
lution of linearized BTE.6–11 In the iterative solution of
BTE, one obtains, up to some approximation, the non-
equilibrium distribution functions dependent on each
other, while in the SMRTs the distribution functions are
independent (Sec. II B).
One class of crystalline structures for which rela-
tively high thermoelectric efficiencies and low lattice
thermal conductivities have been measured is the so-
called semiconducting clathrates.3,12–14 Different mecha-
nisms behind the decreased lattice thermal conductivity
in clathrate structures have been proposed. In the com-
pound clathrates such as K8Al8Si38, in which the frame-
work is completely or partially filled with guest atoms
(K) and the silicon framework includes heteroatoms (Al),
the reduction in lattice thermal conductivity is consid-
ered to be caused by the increase of phonon-phonon
scattering due to the guest atoms.15–17 For elemental
clathrate frameworks with no guest atoms or framework
heteroatoms, no such single mechanism has been sug-
gested. For the clathrate framework II (sometimes de-
noted as Si34 or Si136), experimental lattice thermal con-
ductivity data have been obtained with polycrystalline
samples. For example, the room temperature lattice
thermal conductivity of the guest-free clathrate frame-
work II was measured to be 2.5 W/(m K).18
Here we study the lattice thermal conductivity of the
silicon diamond (d -Si) and the silicon clathrate frame-
works II and VIII by combining ab initio lattice dynamics
with iterative solution of linearized BTE. The solution to
the linearized BTE, with 3-phonon and isotopic scatter-
ing included, is obtained with the ShengBTE program.10
The effect of different quantities on the lattice thermal
conductivities and the validity of the linearized BTE ap-
proach is investigated. The difference in the unit cell size
of clathrate structures II and VIII also enables the exam-
ination of the effect of unit cell size on the lattice thermal
conductivity.
II. THEORY, COMPUTATIONAL METHODS
AND STUDIED STRUCTURES
A. Lattice dynamics
The theory of lattice dynamics discussed in this section
has been described, for example, in Refs.19–21. Here, the
outline of the procedure which is used to derive the rela-
tions implemented in the actual numerical calculations is
described. To solve the vibrational states of the crystal,
one needs only the 0th-order wave function19,21 and in
2this approach one assumes that the vibrational Hamilto-
nian is of the form
H = Tn +Φ, (1)
Tn =
1
2
∑
l,κ,α
p2α (lκ)
Mκ
, (2)
Φ = Φ [x (l1κ1) + u (l1κ1) , . . . ,x (lnκn) + u (lnκn)] ,
(3)
Φ =
∑
n=0
1
n!
∑
l1,κ1,α1
· · ·
∑
ln,κn,αn
Φα1···αn (l1κ1; . . . ; lnκn)
× uα1 (l1κ1) . . . uαn (lnκn) , (4)
Φα1···αn (l1κ1; . . . ; lnκn)
≡ ∂
nΦ
∂x′α1 (l1κ1) · · · ∂x′αn (lnκn)
∣∣∣∣
{x′(liκi)=x(liκi)}
, (5)
where T is the kinetic energy and Φ is the potential
energy, uαi (liκi) is the displacement of the atom κi in
the unit cell labeled by li from the equilibrium position
x (liκi) in the direction αi, pαi (liκi) the corresponding
momentum and Mκi is the atomic mass of atom κi. The
coefficients Φα1···αn (l1κ1; . . . ; lnκn) are sometimes called
the nth order atomic force constants or interatomic force
constants. The unit cell index l is defined by the lattice
translational vector
x (l) ≡ x (l1, l2, l3) = l1a1 + l2a2 + l3a3, (6)
where li are integers and the vectors ai are called the
primitive translational vectors of the lattice. The equi-
librium positions can be written as
x (lκ) = x (l) + x (κ) , (7)
where x (κ) is the position vector of atom κ within the
unit cell. Sometimes Eq. 1 is written as (static lattice
contribution with n = 0 neglected)
H = H0 +HA, (8)
with
H0 =
1
2
∑
l,κ,α
p2α (lκ)
Mκ
+
1
2!
∑
l,κ,α
∑
l′,κ′,β
Φαβ (lκ; l
′κ′)uα (lκ)uβ (l
′κ′) , (9)
HA =
∑
n6=0,2
1
n!
∑
l1,κ1,α1
· · ·
∑
ln,κn,αn
Φα1···αn (l1κ1; . . . ; lnκn)
× uα1 (l1κ1) . . . uαn (lnκn) , (10)
whereH0 and HA are sometimes called the harmonic and
anharmonic vibrational Hamiltonian, respectively.
Within harmonic approximation, only H0 is taken into
account. One may proceed, for example, by writing the
displacements and momenta as a Fourier series (lattice
periodicity). After the substitution of the expanded dis-
placements to the potential term one may define the el-
ements of the so-called dynamical matrix as
Dαβ (κκ
′|q) ≡
∑
l′
Φαβ (lκ; l
′κ′)√
MκMκ′
e−iq·[x(l)−x(l
′)], (11)
where q is the wave vector times 2pi. It can be shown that
the dynamical matrix is Hermitian and for Hermitian
matrix there exists a set of eigenvectors {e (κ|qj)} and
eigenvalues {ωj (q)} such that
ω2j (q) eα (κ|qj) =
∑
κ′,β
Dαβ (κκ
′|q) eβ (κ′|qj) , (12)
where j = 1 . . . 3n is the mode index, n being the num-
ber of atoms within unit cell. Sometimes the eigenvalues
{ωj (q)} are called phonon eigenvalues, phonon frequen-
cies, or as a function of wave vector q, phonon dispersion
relations. The components of the eigenvector e (κ|qj) of
a Hermitian matrix can be chosen to satisfy the orthonor-
mality and closure conditions
∑
κ,α
eα (κ|qj′) e∗α (κ|qj) = δjj′ , (13)
∑
j
eα (κ|qj) e∗β (κ′|qj) = δαβδκκ′ , (14)
where δαβ is the Kronecker delta. In addition to the
Fourier series expansion, one may introduce another uni-
tary transform for the Fourier coefficients in terms of the
so-called normal coordinates and eigenvectors e (κ|qj).
Furthermore, one may write the normal coordinates in
terms of the so-called creation aˆ†qj and annihilation op-
erators aˆqj. The mentioned transforms are included in
the following expansions of displacement and momentum
(which are considered now as operators)
uˆα (lκ) =
(
h¯
2NMκ
)1/2∑
q,j
ω
−1/2
j (q) e
iq·x(l)eα (κ|qj)
×
(
aˆqj + aˆ
†
−qj
)
, (15)
pˆα (lκ) = −i
(
h¯Mκ
2N
)1/2∑
q,j
ω
1/2
j (q) e
iq·x(l)eα (κ|qj)
×
(
aˆqj − aˆ†−qj
)
, (16)
where N is the number of q-points in the q-mesh. After
the substitution of expansion in Eqs. 15 and 16 to H0
given by Eq. 9, one can write
Hˆ0 =
∑
q,j
h¯ωj (q)
(
1
2
+ aˆ†qj aˆqj
)
, (17)
3The anharmonic Hamiltonian operator HˆA can be ob-
tained by the substitution of expansion in Eq. 15 to Eq.
10 and can be written as (Ref.21, p. 32)
HˆA =
∑
q,j
V (qj) Aˆqj +
∑
n=3
∑
q1,j1
· · ·
∑
qn,jn
×V (q1j1; . . . ;qnjn) Aˆq1,j1 · · · Aˆqn,jn , (18)
where
Aˆqj = aˆqj + aˆ
†
−qj , (19)
and19
V (q1j1; . . . ;qnjn)
=
1
n!
(
h¯
2N
)n/2
N∆(q1 + · · ·+ qn)
[ωj1 (q1) · · ·ωjn (qn)]1/2
×
∑
κ1,α1
∑
l2,κ2,α2
· · ·
∑
ln,κn,αn
Φα1···αn (0κ1; l2κ2; . . . ; l
′
nκ
′
n)
×eα1 (κ1|q1j1)
M
1/2
κ1
· · · eαn (κn|qnjn)
M
1/2
κn
ei[q2·x(l2)+···+qn·x(ln)].
(20)
In the present work, the linear term in Eq. 18 is ne-
glected, since it vanishes by the assumption that forces
on atoms at equilibrium vanish. However, in some ap-
plications, such as in the case of homogenously deformed
lattice, the linear term cannot be neglected in general.22
To obtain the eigenvalues {ωj (q)} within the har-
monic approximation, one needs to know the second or-
der interatomic forces {Φαβ (lκ; l′κ′)} and the eigenvec-
tors {e (κ|qj)}. If the anharmonicity in the system is
rather small (HˆA sufficiently smaller than Hˆ0), then the
anharmonic Hamiltonian may be considered as a pertur-
bation on the harmonic one. In actual calculations, one
usually imposes periodic boundary conditions and con-
siders a finite mesh of wave vectors when Eq. 12 is used
to obtain the eigenvalues. The calculation of the atomic
force constants for higher orders than 3 or 4 is a rather
challenging task from the computational point of view.
B. Thermal conductivity
The heat flux J and thermal conductivity κ are related
as
Jα = −
∑
β
καβ
∂T
∂xβ
, (21)
which is a phenomenological relation. In the BTE ap-
proach, one usually assumes that the heat flux is of the
form
J =
1
V
∑
q,j
h¯ωj (q)v (qj)nqj. (22)
where v (qj) is the phonon group velocity for the state
labeled by qj, V is the volume of the unit cell and nqj is
the non-equilibrium phonon distribution function. The
group velocity can be written as
vα (qj) =
∂ωj (q)
∂qα
. (23)
More general forms of the energy flux (including heat
flux) have been derived and it has been shown that Eq.
22 is a special case of this more general energy flux.23
The methods used to obtain the numerical results re-
ported in this work are based on Eq. 22. In Eq. 22, all
the other quantities may be obtained by using the har-
monic approximation, but nqj is unknown and the BTE
approach can be used to obtain estimates for it. To ob-
tain estimates for nqj, it is assumed that the deviations
from equilibrium distribution n¯qj are relatively small and
are caused by the temperature gradients. Thus, one may
expand n¯λ up to first order as
7,24,25 (notation qj → λ)
nλ ≈ n¯λ (h¯ωλ + Fλ · ∇T ) = 1
e(h¯ωλ+Fλ·∇T )β − 1
≈ n¯λ + ∂n¯λ
∂h¯ω′λ
∣∣∣∣
ω′
λ
=ωλ
Fλ · ∇T, (24)
which can be written as
nλ ≈ n¯λ − βn¯λ (n¯λ + 1)Fλ · ∇T. (25)
In Eqs. 24 and 25, Fλ measures the deviation of en-
ergy from the equilibrium value with units energy ×
length/temperature and β = 1/kBT . Substitution of
Eq. 25 to Eq. 22 gives (first term on the right hand side
of Eq. 25 vanishes)
Jγ ≈ − β
V
∑
λ
3∑
α=1
h¯ωλvγ (λ) n¯λ (n¯λ + 1)Fα,λ
∂T
∂xα
, (26)
and a comparison of Eqs. 21 and 26 shows that
καβ =
h¯
kBTV
∑
λ
ωλvα (λ) n¯λ (n¯λ + 1)Fβ,λ. (27)
The unknown quantity Fλ is solved iteratively from lin-
earized BTE, for example, by using ShengBTE.
In this approach BTE, for example for phonons, can
be written as24,25
∂nλ
∂t
=
∂nλ
∂t
∣∣∣∣
col
+
∂nλ
∂t
∣∣∣∣
diff
+
∂nλ
∂t
∣∣∣∣
ext
. (28)
where nλ is the non-equilibrium distribution function for
phonons and the rate of change of nλ is written as a sum
of collision (col), diffusion (diff) and external field (ext)
terms. In the absence of external electric and magnetic
fiels and assuming the steady state condition, one may
approximate Eq. 28 as
∂nλ
∂t
∣∣∣∣
col
+
∂nλ
∂t
∣∣∣∣
diff
= 0,
∂nλ
∂t
=
∂nλ
∂t
∣∣∣∣
ext
= 0. (29)
4Furthermore, one approximates24,25
∂nλ
∂t
∣∣∣∣
diff
≈ −v (λ) · ∇T ∂n¯λ
∂T
. (30)
Thus, it is assumed that a local equilibrium exists at
different parts of the crystal at different temperatures.
The collision term can be obtained as follows. In gen-
eral, the probability for a process in which a phonon la-
beled by λ vanishes and two phonons λ′, λ′′ are created
is proportional to26
mλ (mλ′ + 1) (mλ′′ + 1) , (31)
where mλ etc. are number of phonons on the particular
state. For an opposite process
mλmλ′ (mλ′′ + 1) . (32)
In the expressions of transition probabilities, there usu-
ally is some factors ensuring the conservation of energy
and possible momentum and these are included in the
following expressions
mλ (mλ′ + 1) (mλ′′ + 1)P
λ′λ′′
λ , (33)
mλmλ′ (mλ′′ + 1)P
λ′′
λλ′ . (34)
Thus, the total rate of change of the distribution function
of a state λ can be written as
∂nλ
∂t
∣∣∣∣
col
=
∑
λ′,λ′′
[
nλnλ′ (nλ′′ + 1)P
λ′′
λλ′
− nλ (nλ′ + 1) (nλ′′ + 1)Pλ
′λ′′
λ
]
. (35)
In the actual calculation of the total rate of change in
Eq. 35, all the combinations of the matrix elements of
the form (all different 3-phonon processes)∣∣∣〈n|AˆλAˆλ′Aˆλ′′ |m〉
∣∣∣2 , (36)
must be considered. In Eq. 36, |n〉 and |m〉 are eigen-
kets of the harmonic Hamiltonian Hˆ0. By writing all the
different combinations obtained from Eq. 36, writing the
total scattering rate in a similar way as in Eq. 35, taking
a formal non-equilibrium ensemble average, substituting
for all distributions the approximation given by Eq. 25,
neglecting the terms Fλ · ∇T with higher powers than
one, and finally substituting the result to BTE given by
Eq. 29, one may write for the αth component (possible
numerical factors and equilibrium distribution functions
are absorbed into the expressions of transition probabil-
ities Γλ
′′
λλ′ ,Γ
λ′λ′′
λ )∑
λ′
∑
λ′′
(
Γλ
′′
λλ′ + Γ
λ′λ′′
λ
)
Fα,λ
∂T
∂xα
+
∑
λ′
∑
λ′′
[
Γλ
′′
λλ′ (−Fα,λ′′ + Fα,λ′)
+ Γλ
′λ′′
λ (−Fα,λ′ − Fα,λ′′ )
] ∂T
∂xα
= vα (λ)
∂T
∂xα
[
h¯ωλ
T
n¯λ (n¯λ + 1)
]
. (37)
Equation 37 can be used to solve the quantity Fα,λ and
it can be written as
Fα,λ =
1
Xλ
∑
λ′
∑
λ′′
[
Γλ
′′
λλ′ (Fα,λ′′ − Fα,λ′)
+ Γλ
′λ′′
λ (Fα,λ′ + Fα,λ′′)
]
+
h¯ωλvα (λ)
TXλ
n¯λ (n¯λ + 1) , (38)
with
Xλ ≡
∑
λ′
∑
λ′′
(
Γλ
′′
λλ′ + Γ
λ′λ′′
λ
)
. (39)
The transition probabilities Γλ
′′
λλ′ ,Γ
λ′λ′′
λ can be obtained,
for example, from the golden rule applied to the 3rd or-
der anharmonic Hamiltonian27 (ensemble averaged with
the harmonic Hamiltonian) or from the phonon self
energy.10,28 For instance, by using the golden rule
Γ =
2pi
h¯
∣∣∣〈n|Hˆ3|m〉
∣∣∣2 δ (En − Em) , (40)
expressions like the following can be obtained (by taking
a canonical ensemble average from Eq. 40)
Γλ
′′
λλ′ =
2pi
h¯2
∑
λ′
∑
λ′′
|V (λ;λ′;λ′′)|2
×n¯λn¯λ′ (n¯λ′′ + 1) δ (ωλ + ωλ′ − ωλ′′) (41)
If the isotopic scattering is included, one usually adds the
contribution of the isotopic scattering rate toXλ
10,27 and
thus assumes that different scattering mechanisms are
independent. Sometimes one denotes27
F 0α,λ ≡
h¯ωλvα (λ)
TXλ
n¯λ (n¯λ + 1) , (42)
which is the solution of Eq. 38 with
Fα,λ′ = Fα,λ′′ = 0, (43)
or when ∑
λ′
∑
λ′′
[
Γλ
′′
λλ′ (Fα,λ′′ − Fα,λ′ )
+ Γλ
′λ′′
λ (Fα,λ′ + Fα,λ′′ )
]
= 0. (44)
By defining the relaxation time (RT)27
τα (λ) ≡ TFα,λ
h¯ωλvα (λ)
, (45)
and using the expression for the heat capacity at constant
volume
cv (λ) = kBβ
2h¯2ω2λn¯λ (n¯λ + 1) , (46)
one may write Eq. 27 as
καβ =
1
V
∑
λ
vα (λ) vβ (λ) cv (λ) τβ (λ) , (47)
5and for crystals with cubic symmetry
καα =
1
V
∑
λ
v2α (λ) cv (λ) τα (λ) . (48)
The 0th order relaxation time
τ0α (λ) =
n¯λ (n¯λ + 1)
Xλ
=
TF 0α,λ
h¯ωλvα (λ)
, (49)
is sometimes called the single mode relaxation time
(SMRT) since the deviations Fλ′ ,Fλ′′ vanish (Eq. 43),
while Fλ deviates from its equilibrium value by an
amount given by Eq. 42.
The connection of Fλ, nλ and n¯λ can be obtained from
Eq. 25
− Fλ · ∇T = kBT
n¯λ + 1
(
nλ
n¯λ
− 1
)
. (50)
It can be seen from Eq. 38 that Fλ is independent of
temperature gradient. Since the steady state condition
is assumed in the derivation of phonon BTE (local tem-
peratures exist), one may assume that the temperature
gradient is constant (independent of time) and has a neg-
ative value, that is, temperature decreases in the positive
direction. Thus, one may write Eq. 50 as
TG
∑
α
Fα,λ =
kBT
n¯λ + 1
(
nλ
n¯λ
− 1
)
, (51)
where TG is now some positive constant. It follows from
Eq. 51 that for
∑
α
Fα,λ < 0⇒ nλ < n¯λ, (52)
and vice versa. This means that τα (λ) can in general
also have negative values, which might result in negative
thermal conductivity values calculated from Eq. 47 for
some particular states λ, implying that the heat flux is
positive towards higher temperatures for these states.
In the calculation of the lattice thermal conductiv-
ity, ShengBTE does not take into account the shifts of
phonon eigenvalues due to third and fourth order atomic
force constants. In particular, the fourth order atomic
force constants may have some significance since quar-
tic contribution to frequency shift can be obtained from
first order phonon self-energy28 (or some other pertur-
bation method), while the lowest order contributions to
frequency shift due to third order atomic forces are in
the second order. In ShengBTE, the so-called phase
space calculations for the allowed processes (delta func-
tions for momentum and energy in Eq. 41) are made by
using the harmonic phonon eigenvalues ωλ, assumed to
be independent of temperature. In addition, the third
and fourth order forces change the eigenvectors obtained
within the harmonic approximation and the thermal ex-
pansion shifts the phonon eigenvalues as a function of
temperature.29 These effects are neglected in the present
FIG. 1. Schematic figures of the silicon clathrate frameworks
II and VIII studied in this work. The vertices of the polyhe-
dral cages represent silicon atoms. The crystallographic unit
cell edges are drawn in black. For a more detailed description
of the framework structures, see31 (Color online).
approach. Thus, if the interactions in the system are
sufficiently strong, the harmonic approximation may not
describe the system as expected and more rigorous meth-
ods may be needed to describe the system in more proper
detail. Techniques based on the variational method have
already been used to calculate lifetimes and cross sec-
tions for materials which are experimentally known to
have rather strong anharmonicity.30
C. Studied structures and computational details
The structural characteristics of the silicon structures
considered in this paper are described in Table I and the
clathrate frameworks II and VIII are illustrated in Fig 1.
The ab initio density functional calculations to op-
timize the structures and to calculate the phonon dis-
persion relations were carried out with the Quantum
Espresso program package (QE, version 5.0.3).32 The sil-
icon atoms were described using ultrasoft pseudopoten-
tials and plane wave basis set33. The Generalized Gradi-
ent Approximation (GGA) was applied by using the PBE
exchange-correlation energy functionals.34 In all calcula-
tions, the following kinetic energy cutoffs have been used:
44 Ry for wavefunctions and 352 Ry for charge densi-
ties and potentials. The applied k- and q-sampling for
each studied structure are listed in Table I. The q-meshes
for the lattice thermal conductivity calculations et cetera
were Fourier interpolated from the mesh used in the cor-
responding phonon calculation (QE module matdyn.x).35
We carried out convergence tests for both total energy
and phonon calculations with different k-meshes for d -
Si. The convergence with (12,12,12) k-mesh was accepted
and thus used. Similarly, an acceptable convergence was
found for the (8,8,8) q-mesh in the case of d -Si. The
k- and q-meshes listed in in Table I for the clathrate
frameworks were chosen as a compromise between ac-
curacy and computational cost. Both the lattice con-
stants and the atomic positions of the studied structures
6TABLE I. Structural data and computational details for the studied structures.
Structure Space Group Atoms/cella Elect. (k1,k2,k3)
b Phon. (q1,q2,q3)
c PDOS (q1,q2,q3)
c TCOND (q1,q2,q3)
c a(A˚)d
d -Si Fd3¯m (227) 2 12,12,12 8,8,8 80,80,80 24,24,24 5.47
II Fd3¯m (227) 34 6,6,6 4,4,4 30,30,30 8,8,8 14.74
VIII I 4¯3m (217) 23 6,6,6 4,4,4 40,40,40 10,10,10 10.10
a number of atoms in primitive cell.
b The mesh used for the electronic k-sampling.
c q-meshes for phonon calculations, phonon density-of-states calculations, and lattice thermal conductivity calculations, respectively.
d Lattice constant of the optimized primitive unit cell used in the calculations.
were fully optimized (applying the space group symme-
tries listed in Table I, in which the lattice constants for
the optimized structures are also shown). In the struc-
tural optimizations, the convergence thresholds on total
energy and forces were set to 10−6 a.u. and 10−5 a.u.,
respectively. The non-analytic corrections to dynamical
matrices in the limit q → 0 were taken into account in
the QE and ShengBTE calculations. All lattice thermal
conductivity calculations were made by using the version
v1.0.2 of ShengBTE.
To our knowledge, there is no way to label the phonon
modes (and phonon eigenvectors) uniquely at a point of
degeneracy when the diagonalization of the dynamical
matrix (Eq. 11) is done numerically. This is true also for
the QE and ShengBTE program packages and probably
results in minor numerical inaccuracies in the calculation
of the quantities listed in Tables III and IV. Some phonon
labeling could be carried out by continuity arguments
for the phonon eigenvectors as a function of wave vec-
tor in a particular direction when using relatively dense
q-meshes, but in the absence of a rigorous general ap-
proach, the labeling of the phonon modes is left to the
default algorithm in QE and ShengBTE.
In the lattice thermal conductivity calculations, both
isotopic and three-phonon scattering were included. In
the calculation of the isotopic scattering rates, the
default Pearson deviation coefficients incorporated in
ShengBTE were applied. The so-called proportional-
ity constant scalebroad was set to 0.5 in all Sheng-
BTE calculations (the constant is related to the adap-
tive Gaussian broadening technique used in ShengBTE
for obtaining energy-conserving three-phonon scattering
processes).10,36 For every structure, all third order atomic
force constants were calculated up to 6th-nearest neig-
bours using the program thirdorder.py included in the
ShengBTE distribution.37 The supercells used to calcu-
late the third order atomic force constants with thir-
dorder.py were (4, 4, 4), (3, 3, 3) and (2, 2, 2) for stuc-
tures d -Si, VIII and II, respectively. In all single-point
total energy calculations with supercells, only Γ-point
k-sampling was used and the total energy convergence
threshold for self-consistency was set to 10−12 a.u.
III. RESULTS AND DISCUSSION
A. Phonon Spectra
In the case of d -Si, experimental results for phonon
eigenvalues {ωj (q)} are available.38 The maximum dif-
ference between the experimental values and the eigenval-
ues obtained in this work is approximately 11%. Similar
computational results have been obtained earlier by us-
ing both Local Density Approximation (LDA) and GGA
with the plane-wave pseudopotential method39–4142.
The maximum difference between the eigenvalues ob-
tained here and the eigenvalues obtained by using LDA
with Martins-Troullier-type norm-conserving pseudopo-
tentials is approximately 10%.43
Figure 2 shows the calculated phonon dispersion rela-
tions for the clathrate structures II and VIII. As in the
case of d -Si, similar results are obtained by using the
present computational methods or LDA with Martins-
Troullier-type norm-conserving pseudopotentials.43 From
the similar phonon dispersion relations of the clathrate
structures II and VIII it follows that their thermal prop-
erties within the harmonic approximation are rather sim-
ilar, as well. Furthermore, the calculation of anharmonic
properties such as thermal expansion and Gru¨neisen pa-
rameters within the so-called quasiharmonic approxima-
tion have previously lead into similar results for the struc-
tures II and VIII.43
B. Thermal conductivity results
To test the computational methods used in this work,
the calculated thermal conductivity results for d -Si are
compared with the experimental results44 in Fig. 3. The
maximum difference between the calculational and exper-
imental results is approximately 7-51% within the tem-
perature range 5-100 K. At temperatures higher than 100
K, the maximum difference between the computational
and experimental results is between 4-13% (the largest
difference is at 125 K). The computational results are
similar to those obtained earlier for d -Si by using DFT-
LDA,27 or by combining DFT calculation of the force
constants and the Green-Kubo formalism applied by us-
ing molecular dynamical simulations.45 Acoustic phonon
modes have the largest contribution to the lattice ther-
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FIG. 2. Phonon dispersion relations along high symmetry
paths in the first Brillouin zone for the clathrate structures II
and VIII. PDOS is the phonon density-of-states plot.
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FIG. 3. The calculated lattice thermal conductivity of d -Si
and experimental values with natural isotopic composition of
Si.44
TABLE II. The contributions of different phonon modes to the
total lattice thermal conductivity within two different temper-
ature ranges (all values are in percentages): T = 5-75 K for
subscript l and T = 100-350 K for subscript h. LA = longitu-
dinal acoustic mode, 2TA = two transverse acoustic modes,
and OP = optical modes.
Structure LAl 2TAl OPl LAh 2TAh OPh
d -Si 0-9 100-91 0-0 22-29 78-65 0-6
II 0-26 100-65 0-8 27-25 60-51 13-24
VIII 0-22 100-74 0-4 24-26 69-58 7-16
mal conductivity, contributing approximately 100-94%
at temperatures 5-350 K. In particular, the longitudinal
acoustic (LA) mode contributes around 0.3-9.4% at 5-20
K, while within the temperature range 40-350 K its con-
tribution is 22-29% and the corresponding the two other
acoustic modes both contribute about 39-32%. The con-
tributions of the different phonon modes to lattice ther-
mal conductivity are shown in Table II. These results are
in line with the previous results for mode contributions
as a function of temperature obtained by using different
method.45
The lattice thermal conductivities calculated here do
not include the contributions arising from boundary scat-
tering, which is expected to play a role in the low-
temperature regime, but requires empirical, sample-
dependent parametrization.9 At 100 K, the experimental
value is approximately 2 times smaller than the calcu-
lated one. The largest MFP at 100 K is approximately
10−8 m, while the minimum crystal dimension is approx-
imately 2 mm, for which the experimental lattice ther-
mal conductivity values are obtained (similar to those
presented in Fig. 3).46 The difference between the exper-
imental and computational results at low temperatures
may not be solely explained with the neglection of bound-
ary scattering. One possible reason for this difference is
the model used to describe the isotopic scattering. In
ShengBTE, the form of isotopic scattering rate is de-
rived in such a way that it is valid for relatively weak
perturbations and for rather long wavelengths.47 Due to
this, for example, there might be inaccuracies related to
the calculated isotopic scattering rates, making the pre-
dicted lattice thermal conductivities for lower tempera-
tures more vulnerable to errors. For higher temperatures,
the effect of isotopic scattering decreases. At 350 K, the
isotopic scattering decreases the lattice thermal conduc-
tivity approximately 2.2%, while at 100 K the effect is
approximately 24.8%. To test the convergence with re-
spect to the size of the q-mesh at low temperatures, the
lattice thermal conductivity calculation for d -Si was also
done by using (32, 32, 32) q-mesh at 20 K. The lattice
thermal conductivity value obtained was approximately
48% higher than obtained with (24, 24, 24) q-mesh (at
300 K the value is 2%), which indicates rather poor con-
vergence at relatively low temperatures.
The calculated lattice thermal conductivities for the
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clathrate structures II and VIII are shown in Fig. 4.
The clathrate structure II has lower lattice thermal con-
ductivity than the structure VIII at temperatures below
50 K, while above this temperature the result is oppo-
site. At 300 K, the lattice thermal conductivity values
obtained for the clathrate structures II and VIII are ap-
proximately 52 and 43 W/(m K), respectively. The re-
sults are summarized in Table II. Within the temperature
range 100-350 K, the lattice thermal conductivity of the
structure VIII is approximately 86-82% of the values of
the structure II. Compared with d -Si, the lattice thermal
conductivity values of structure II are about 42-38% of
the values of d -Si within the temperature range 100-350
K. For the structure VIII, the predicted lattice temper-
ature conductivities are 36-31% of the values predicted
for d -Si within the temperature range 100-350 K. In all
structures considered, the iterative solution of the BTE
converged in 10 steps or less. This indicates that the
SMRT solution is rather similar to the iterative solution
for these structures. The difference between the SMRT
and iterative solution for the lattice thermal conductivity
at 300 K is approximately 0.6% for the clathrate struc-
ture II and about 0.4% for the clathrate structure VIII.
The lattice thermal conductivity values for each state
as a function of phonon frequency at 300 K are repre-
sented in Fig. 5. In particular, for the clathrate struc-
tures II and VIII, the number of acoustic modes within
the range 10-0.1 W/m K is to some extent lower than
in the case of d -Si. The fact that the clathrate struc-
ture II (34 atoms in the primitive cell) has higher lattice
thermal conductivity than the clathrate structure VIII
(23 atoms in the primitive cell) is somewhat unexpected:
when comparing structures with similar tetrahedral co-
ordination of the Si atoms, it is usually expected that a
structure with the larger unit cell would have lower lat-
tice thermal conductivity. An extreme example of such
allotrope of Si with relatively low thermal conductivity
values is amorphous Si.
TABLE III. The quantities given by Eq. 53 at 300 K. Here,
units of ξ (j) are in W/(m K s) ×1012. Only modes 1-6 are
considered.
Structure ξ (1) ξ (2) ξ (3) ξ (4) ξ (5) ξ (6)
d -Si 0.69 1.24 2.13 0.71 0.07 0.07
II 0.07 0.08 0.08 0.02 0.02 0.02
VIII 0.09 0.10 0.11 0.01 0.01 0.02
The lattice thermal conductivities calculated here for
the structure II are over one order of magnitude higher
than the experimental values obtained for hot-pressed
pellets prepared from polycrystalline powder samples.18
However, the low lattice thermal conductivity values ob-
served in Ref.18 have also been suggested to arise from
the porosity of the polycrystalline samples.48 For a bet-
ter comparison, the experimental values for the lattice
thermal conductivity of single crystal samples should be
obtained.
C. Group velocity and heat capacity
In this section, the following term
ξ (j) ≡ 1
3V
∑
q,α
v2α (qj) cv (qj) , (53)
included in Eq. 48 is considered. In Table III, results cal-
culated by using Eq. 53 for different structures are listed
at 300 K. The results in Table III (and IV) are shown for
the phonon modes 1-6. The modes 1-3 are discussed here
as acoustic modes, but we note that due to band cross-
ings with the optical modes the labeling of the modes is
not fully rigorous (see computational details). The val-
ues for d -Si are 10-100 times larger than for the clathrate
structures. For the clathrate structures II and VIII, the
differences are relatively small, indicating that the differ-
ences in the lattice thermal conductivity are mainly due
to other reasons. In all structures, the optical modes have
approximately 10 times smaller values than the acoustic
modes, except in the case of d -Si, where one optical mode
has value in the same order as acoustic modes.
The results listed in Table III manifest the similarity of
the harmonic phonon spectra in the clathrate structures
II and VIII and point out that to explain their different
lattice thermal conductivities, one may find larger differ-
ences through the study of the anharmonic interatomic
forces and quantities derived from them.
In Fig. 5 the following quantities
ξ (λ) ≡ 1
3V
∑
α
v2α (λ) cv (λ) , (54)
are represented as a function of the phonon frequency.
Essentially, the same features can be seen as for ξ (j) in
Table III, but in more detail. In particular, the clathrate
9FIG. 5. The calculated values for each state λ as a function of phonon frequency for d -Si and the clathrate structures II and
VIII at 300 K. (a) The lattice thermal conductivity κ (λ) = 1/3
∑
α
κα (λ) (negative values are not shown), (b) quantities
ξ (λ) (Eq. 54), (c) relaxation times τ (λ) (Eq. 56, negative values are not shown) and (d) phonon phase space P3 (λ). For all
quantities, the acoustic modes are drawn in red and the optical modes in black. The reported P3 (λ) values are unitless relative
values obtained from P3 (λ) /max
{
P3 (λ)|d−Si
}
. (Color online)
structures II and VIII have a similar distribution of the
ξ (λ) values, which implies that the largest differences
in lattice thermal conductivity are due to the RTs and
quantities used to calculate RTs.
D. Phonon lifetimes
If the finite lifetime of a phonon mode is assumed to
result from the third order atomic force constants, it
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TABLE IV. The quantities given by Eq. 55 at 300 K. Here,
the units of τ (j) are in s ×10−10. Only modes 1-6 are con-
sidered.
Structure τ (1) τ (2) τ (3) τ (4) τ (5) τ (6)
d -Si 0.37 0.28 0.08 0.08 0.06 0.06
II 1.44 1.47 0.80 0.51 0.43 0.39
VIII 0.90 1.00 0.48 0.33 0.29 0.23
has been shown that the one-phonon coherent neutron
scattering cross section has approximately Lorenzian line
shape, provided that the third order atomic forces are rel-
atively weak.28 The criterion for this is usually taken to
be such that 2piΓ (qj) /ωj (q) ≪ 1, where the width of
a Lorenzian peak at half maximum Γ (qj) of the one-
phonon coherent neutron scattering cross section line is
related to the relaxation time (or lifetime) of a state qj
as τ (qj) = 1/2Γ (qj).
To study the validity of SMRT, the percentage of q-
points violating the criterion 2piΓ (qj) /ωj (q) < 0.1 has
been calculated here. In the case of d -Si, approximately
1.9% of the acoustic and 2.5% of the optical modes vi-
olate the criterion at 300 K (mean values for acoustic
and optical modes). In the case of the clathrate struc-
ture II, the corresponding percentages are 14% for the
acoustic and 52% for the optical modes. Lastly, in the
case of the clathrate structure VIII, the percentages are
6% for the acoustic and 38% for the optical modes. For
a mode violating this particular criterion, for example
with ωj (q) = 400 cm
−1, the width at half maximum of
a Lorenzian peak would be equal to or larger than 40
cm−1. Instead of this, one probably has peak forms de-
viating from a Lorenzian form.
Next, the following quantities are considered
τ (j) ≡ 1
3
∑
q,α
τα (qj) . (55)
The results are listed in Table IV at 300 K. The small-
est RTs are obtained for d -Si. For acoustic modes, the
clathrate structures II and VIII have approximately 3
and 2 times higher values, resprectively. For optical
modes considered, the difference is approximately two
times larger. For d -Si, the percentage of acoustic states
for which τ (λ) < 0 at 300 K is between 0-0.5%, while
for the clathrate structures II and VIII these percentages
are 0% and 0-2%, respectively.
In Fig. 5 the following quantities
τ (λ) ≡ 1
3
∑
α
τα (λ) , (56)
are represented as a function of phonon frequency. The
results of Fig. 5 appear to contradict with the results
given by Table IV, since for d -Si it seems that the acoustic
modes have in general larger values for the lifetimes than
in the case of the clathrate structure II. However, in the
case of the clathrate structure II, the values for τ (λ) are
clustered within the range 10−9− 10−10 s, while for d -Si
there are more values of τ (λ) for acoustic modes within
the range 10−11−10−12 s, as well. The difference between
the RTs of the acoustic modes in the clathrate structures
II and VIII is rather small but can be identified from Fig.
5, structure VIII having slightly lower values in general.
To summarize, within the current formalism, the re-
sults given by Tables III, IV and Fig. 5 indicate that the
lower lattice thermal conductivity of the clathrate struc-
ture VIII can be partly explained with relatively short
RTs and with differing harmonic phonon spectra, that
is, ξ (j) values lower than for d -Si and similar to those of
structure II.
E. Phonon phase space
The so-called phonon phase space can be used
as a measure of available scattering channels for
phonons obeying the conservation of energy and quasi-
momentum. The transition probabilities, for example in
Eq. 41, are proportional to the phonon phase space. The
phase space for processes in which one phonon is anni-
hilated (−) or two phonons are annihilated (+), can be
written as10,49
P±3 (qj) ≡
∑
j′,j′′
∑
q′
×δ [ωj (q)± ωj′ (q′)− ωj (q+ q′ −G)] , (57)
and the total phase space is given as a sum of these terms
times some normalization factor (one may replace the
summation over q′ by integral in the continuum limit).
In Fig. 5, the results based on the following relation
(times some normalization factor 1/Ω)
P3 (λ) =
1
Ω
[
P+3 (λ) + P
−
3 (λ)
]
, (58)
are represented. It is usually expected that the larger
values of P3 (λ) result in smaller values for τ (λ). How-
ever, this is not necessarily the case since the values of
V (λ;λ′;λ′′) and n¯λn¯λ′ (n¯λ′′ + 1) have some significance
and may change the outcome to opposite. Indeed, it
can be seen from Fig. 5 that with frequency values
8 − 10 THz, there is some correlation between the re-
laxation times and phase space values. The largest val-
ues of P3 (λ) are obtained for the clathrate stucture II,
which is true for acoustical and optical modes in general.
Due to this observation and since the harmonic phonon
spectra is rather similar for the clathrate structures II
and VIII, it seems that the shorter RTs of structure VIII
are caused by the differences in factors proportional to
|V (λ;λ′;λ′′)|2 n¯λn¯λ′ (n¯λ′′ + 1) (see for instance Eqs. 39
and 41).
The phase space results for the clathrate structures II
and VIII show that seemingly small changes in the har-
monic phonon spectra, even for structures with similar
thermodynamical properties arising from the harmonic
11
phonon spectra, can lead to relatively large differences in
the phase space calculations.
F. Mean free paths
One criterion for evaluating the validity of the prop-
agating phonon picture is to calculate the length of the
MFP of a phonon state. It has been suggested that the
propagating phonon picture is a reasonable approxima-
tion to work with if the mean free paths are larger than
the distance between the nearest atoms in the crystal.50
This may cause some problems from a physical point
of view since in the present BTE approach, one consid-
ers phonons propagating in the lattice with wave lengths
larger than the distance between the nearest atoms and
on the other hand the obtained results may imply that
MFPs are smaller than this distance, while such phonons
do not exist in the harmonic spectra. In these cases, the
vibrational states of a crystal may be considered as a
linear combination of the harmonic states with some pe-
riodic time dependence. Classification of different vibra-
tional states, which cannot be described as phonons, has
been made.51 For states with MFPs shorter than inter-
atomic distances, the lattice thermal conductivity may
not be described by the heat flux given by Eq. 21 in
proper detail, but the use of a more general heat flux
might yield further information on the mechanisms of
lattice thermal conductivity and could change the out-
come of the present results up to some degree. Such heat
fluxes have been derived23 and used to calculate lattice
thermal conductivity values of amorphous Si by using
linear response approach.50
The MFPs represented here are calculated by using
mfp (λ) ≡ τ (λ) |v (λ)| , τ (λ) ≡ 1
3
∣∣∣∣∣
∑
α
τα (λ)
∣∣∣∣∣ . (59)
For d -Si, the percentage of q-points violating the crite-
rion mfp (λ) < a (a being the lattice constant of the prim-
itive unit cell) is 0.5-1.0% (the values for acoustic modes
are between 0.5-1.0%) and 0.7-2.4% (optical modes) at
300 K. For the clathrate structure II, the same percent-
ages are 0% (acoustic modes), 0-86% (optical modes),
while for the clathrate structure VIII they are 2% (acous-
tic modes) and 2-96% (optical modes). The largest per-
centages for the clathrate structures II and VIII are about
100 times higher than for d -Si. In any case, the largest
lattice thermal conductivity contribution arises from the
states which do not violate the above MFP criterion.
However, one may ask, how to describe the states vio-
lating the MFP criterion and what kind of errors might
arise from the present perturbative approach where the
harmonic states are assumed to be stationary.
IV. CONCLUSIONS
The lattice thermal conductivity of silicon clathrate
frameworks II and VIII was investigated by using ab ini-
tio DFT lattice dynamics with an iterative solution of
the Boltzmann transport equation. At 100-350 K the
lattice thermal conductivities of the clathrate structures
II and VIII are approximately 42-38% and 36-31% of the
lattice thermal conductivity of d -Si, respectively. While
the harmonic phonon spectra of the studied clathrate
frameworks are rather similar, the lattice thermal con-
ductivity values of the framework VIII at 100-350 K are
approximately 14-18% lower than for the framework II.
Analysis of the results shows that the difference in the
lattice thermal conductivity of the clathrate structures
II and VIII is due to the shorter relaxation times of
the acoustic modes in the structure VIII, which seem
to arise in part from the stronger 3-phonon interaction
coefficients V (λ;λ′;λ′′). In the present approach, the
harmonic phonon frequency shifts due to anharmonic in-
teratomic forces are neglected, which is a point of im-
provement for future studies in this field. In particu-
lar, the three-phonon phase space was found to be a
rather sensitive for the changes in the harmonic phonon
spectra when comparing the clathrate structures II and
VIII. Thus, more detailed calculations on the lattice ther-
mal conductivities of the clathrate structures II and VIII
could change the results obtained here up to some degree,
for instance, by taking into account the harmonic phonon
frequency shifts due to the third and fourth order inter-
atomic forces. Overall, the present analysis on the lat-
tice thermal conductivity of the clathrate frameworks II
and VIII may facilitate further theoretical work towards
more detailed understanding of the lattice thermal con-
ductivity and thermoelectric efficiency of semiconducting
clathrate materials.
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